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REFUTATION OF THE RIEMANN’S HYPOTHESIS. VERSION
2.0
CLAUDE HENRI PICARD ,
Abstract. The hypothesis Mpxq “ Opxβq with β ă 1 contradicts a theorem
of GegenBauer,
Npuq “
ÿ
nďu
|µpnq| “
6
π2
u`Op
?
uq
As the Riemann Hypothesis implies Mpxq “ Opx1{2`εq for all ε ą 0, the
Riemann Hypothesis is false.
1‚ The Riemann ζ function, defined by
(1) ζpσ ` itq “
8
ÿ
n“1
1
nσ`it
when σ ą 1 is the subject of an unproved conjecture of Riemann from 1859,
Riemann hypothesis which says that supρ<epρq “ 1{2 where ρ denotes a zero of
the Riemann ζ function.
The zeros of ζ are divided into two infinite sets, on the one hand the so-called
trivial zeros of the form ρ “ ´2k, k P N˚, and on the other hand, the so-called
non-trivial zeros which are all in the band s0, 1r.
In his memoir of 1859 [19], Bernard Riemann left five opened problems 1.The
first was solved by Hadamard in 1893 [7], three others by Von Mangoldt between
1894 and 1905, [3, page 37]. There remains today one unsolved problem: the
Riemann hypothesis. We know that there is an infinity of non-trivial zeros in the
band s0, 1r but we don’t know a β0 P r1{2, 1r such that any zero ρ “ β ` iγ be
such as β ď β0.
Hardy, in 1914 [8], showed that there were infinitely many zeros of real parts
1{2 and Conrey, in 1989 [1], showed that at least 40.77 % of non-trivial zeros are
of real parts 1{2.
Attempts to demonstrate Riemann’s hypotheses have so far failed. They seem
to begin with the announcement of Halphen (1883) who will remain without a
future, followed, in a letter to Hermite of 1885, by Stieltjes who wrote to him that
Date: 23 september 2018.
1. Edwards [3] indicates six.
1
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he demonstrated that Mpuq “
ř
nďu µpnq “ Op
?
uq and, applying the formula
1
ζpsq
“
8
ÿ
n“1
µpnq
ns
“ s
ż 8
1
Mpuq
us`1
du,
which is the link between Mpxq and the Riemann hypothesis, he easily deduces
Riemann hypothesis. But when Mittag-Leffler asks him for explanations, they
are vague. When Stieltjes died on december 31, 1894, no proof of Riemann’s
hypothesis or proof of his statement on Mpxq was found.
The same misadventure happened to Jensen in 1899, in the memoir that
demonstrates the formula that bears his name [13]. Mertens, in 1897 [15],
states an hypothesis of growth of the function Mpxq from numerical findings.
Mpxq would be majorized by
?
x. This leads, as for Stieltjes, the Riemann
hypothesis and the simplicity of the zeros. At the International Mathematical
Congress of 1912, Von Sterneck [22] goes further and proposes Mpxq ď 1
2
?
x.
This conjecture is numerically refuted by Neubauer [16] in 1963 showing that
Mp7760000000q “ 47465 ą 1
2
?
7760000000 “ 44045. . . . whereas Jurkat [14] had
shown, in 1961, that the conjecture of Von Sterneck had an infinity of counter-
examples, but without exhibiting a single one.
In 1985, Odlysko & Te Riele [17] refuted the Mertens conjecture by showing
that lim supxÑ8Mpxq{
a
pxq ą 1.06 and lim infxÑ8Mpxq{
a
pxq ă ´1.009. Since
then, these values have been improved to, respectively, 1.826054 and ´1.837625
(Hurst [11]) while we conjecture that the true values are respectively `8 and ´8
as shown Ingham [12] in 1942, under the Riemann Hypothesis and a hypothesis
of linear independence of zeros.
On the order, without hypothesis, of Mpxq, we have succeeded in showing that
Mpxq “ Opx expp´c 8`ε
?
lnxq at the beginning of the twentieth century (Landau
[6] ) that was brought back to Mpxq “ Opx expp´c
?
lnxq before Vinogradov-
Korobov’s zero free region is known and allows to have
Mpxq “ x exp
`
´cplnxq3{5pln lnxq´1{5
˘
(Walfisz [23], 1963) which remains, in 2018, the best known result. But we still
do not know the exact order of Mpxq which is related to the Riemann Hypothesis
in a narrow way.
2‚ The purpose of this paper is to demonstrate that Riemann Hypothesis is
false. For this, it is shown that Mpxq can not be Opxβq, for β ă 1 without having
a contradiction. The calculations will be done from the function 1{ζ according
to the formula, valid for σ ą 1,
(2)
1
ζpσ ` itq
“
8
ÿ
n“1
µpnq
nσ`it
“ pσ ` itq
ż 8
1
Mpuq
uσ`it`1
du,
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where µpnq is the Möbius function defined by
(3) µpnq “
$
’
&
’
%
1 if n “ 1.
p´1qr if n factors into r distinct prime numbers.
0 if n is divisible by an integer square other than 1.
The function ζpsq admits a single pole, which is simple, in s “ 1. We therefore
extend by continuity the function 1{ζpsq to s “ 1 by setting 1{ζp1q “ 0 (simple
zero). The Schwarz symmetry principle makes it possible to look at only the case
of t ě 0, which we will do.
We put Mpxq “
řx
n“1 µpnq for the summation function of the Möbius function.
We put β˚ “ supρ<epρq. We know that β˚ P r1{2, 1s, 1{2 corresponding to
Riemann’s hypothesis. β˚ is also the infimum of β such that |Mpuq| “ Opuβq.
The schema of the proof is as follows:
We start by admitting that Mpxq ď mxβ with β ă 1. The proof begins by
generalizing theorem 8.7 of the Titschmarsh’s treatise which expresses that
sup
t
ˇ
ˇ
ˇ
ˇ
ˇ
8
ÿ
n“1
µpnq
nσ`it
ˇ
ˇ
ˇ
ˇ
ˇ
“
ζpσq
ζp2σq
,
in order to minorize for some t the integral
ˇ
ˇ
ˇ
ˇ
ż 8
x
Mpuq
uσ`it
du
ˇ
ˇ
ˇ
ˇ
,
using the Gegenbauer’s theorem
Npuq “
ÿ
nďu
|µpnq| “
6
π2
u`Op
?
uq.
We majorize the integral and we obtain, for each x, an upper bound and a lower
bound for the integral for any t satisfying proposition 2. The ratio of the lower
bound on the upper bound must remain always smaller than 1. Now this ratio
has its main term Opx1´βq and therefore tends towards infinity, if β ă 1, when
xÑ 8, which is the contradiction sought. We deduce that β˚ “ 1 and therefore
that the Riemann hypothesis is false as well as the conjectures of Mertens.
3‚ We recall the Abel’s summation formula ([4], theorem 1.6). Let a, b two
positive numbers, a sequence panq of complex numbers and ϕpuq a continuous
complex function that is derivable over the interval ra, bs with derivative ϕ1puq
Riemann-integrable.
Let Apuq “
řu
n“1 an. We have the identity
(4)
ÿ
aănďb
anϕpnq “ Apuqϕpuq
ˇ
ˇ
ˇ
u“b
u“a
´
ż b
a
Apuqϕ1puqdu.
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By direct application, we have the formula
(5)
x
ÿ
n“1
µpnq
nσ`it
“
Mpxq
xσ`it
` pσ ` itq
ż x
1
Mpuq
uσ`it`1
du.
4‚ The Titchmarsh’s treatise [20] on the Riemann zeta function contains the
following proposition as theorem 8.7, where s “ σ ` it.
Proposition 1. If σ ą 1, then
(6)
ˇ
ˇ
ˇ
ˇ
1
ζpsq
ˇ
ˇ
ˇ
ˇ
ď
ζpσq
ζp2σq
for all values of t, while
(7)
ˇ
ˇ
ˇ
ˇ
1
ζpsq
ˇ
ˇ
ˇ
ˇ
ą p1´ εq
ζpσq
ζp2σq
for some indefinitely large values of t.
In the following we will use the following result, in the same vein as the propo-
sition 1.
Proposition 2. Let x ą 1 and σ ą 1 two real numbers. We have for every t ą 0
(8)
ˇ
ˇ
ˇ
ˇ
ˇ
ÿ
něx
µpnq
nσ`it
ˇ
ˇ
ˇ
ˇ
ˇ
ď
ÿ
něx
|µpnq|
nσ
,
and there exists for all ε ą 0 at least one value of t ą 0 such that
(9)
ˇ
ˇ
ˇ
ˇ
ˇ
ÿ
něx
µpnq
nσ`it
ˇ
ˇ
ˇ
ˇ
ˇ
ě p1´ εq
ÿ
něx
|µpnq|
nσ
.
Proof. Suppose instead that the second part of the proposition is not exact. Let
σ ą 1, x ą 1 and ε ą 0 given such that for all t ą 0 we have
(10)
ˇ
ˇ
ˇ
ˇ
ˇ
ÿ
něx
µpnq
nσ`it
ˇ
ˇ
ˇ
ˇ
ˇ
ă p1´ εq
ÿ
něx
|µpnq|
nσ
.
Let’s cut the series into two parts
(11)
8
ÿ
n“1
µpnq
nσ`it
“
ÿ
năx
µpnq
nσ`it
`
ÿ
něx
µpnq
nσ`it
.
The sum is majorized in module by
(12)
ˇ
ˇ
ˇ
ˇ
ˇ
8
ÿ
n“1
µpnq
nσ`it
ˇ
ˇ
ˇ
ˇ
ˇ
ă
ÿ
năx
|µpnq|
nσ
` p1´ εq
ÿ
něx
|µpnq|
nσ
.
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Let
(13) θpxq “
ÿ
něx
|µpnq|
nσ
M
8
ÿ
n“1
|µpnq|
nσ
“
ζp2σq
ζpσq
ÿ
něx
|µpnq|
nσ
ă 1.
The proposition 1 tells us that there are t ą 0 such as
(14)
ˇ
ˇ
ˇ
ˇ
ˇ
8
ÿ
n“1
µpnq
nσ`it
ˇ
ˇ
ˇ
ˇ
ˇ
ą p1´ εθpxqq
8
ÿ
n“1
|µpnq|
nσ
“
ÿ
năx
|µpnq|
nσ
` p1´ εq
ÿ
něx
|µpnq|
nσ
,
which contradicts the hypothesis formulated (10) through (12). The hypothesis
(10) is therefore false and the proposition 2 is demonstrated. 
Corollary 3. For a given ε Ps0, 1r, the set Tεpxq of t ą 0 that satisfy to the
inequality
(15)
ˇ
ˇ
ˇ
ˇ
ˇ
ÿ
něx
µpnq
nσ`it
ˇ
ˇ
ˇ
ˇ
ˇ
ě p1´ εq
ÿ
něx
|µpnq|
nσ
.
is never empty, whatever x P r1,8r.
Proof. Immediate. 
Remark 4. Tεpxq has no reason, at first sight, to be the same for another value
of x.
5‚ Our memoir is wholly based on the following hypothesis
Hypothesis 5.
(16) β˚ ă 1.
An immediate corollary is the existence of a β such that
(17) |Mpuq| “
ˇ
ˇ
ˇ
ˇ
ˇ
ÿ
nďu
µpnq
ˇ
ˇ
ˇ
ˇ
ˇ
ď muβ
where β˚ ă β ă 1, m “ mpβq ą 0 being an appropriate real.
6‚ By the hypothesis 5 on the integral
ˇ
ˇ
ˇ
ˇ
ż 8
x
Mpuq
us`1
du
ˇ
ˇ
ˇ
ˇ
we have
ˇ
ˇ
ˇ
ˇ
ż 8
x
Mpuq
us`1
du
ˇ
ˇ
ˇ
ˇ
ď
ż 8
x
|Mpuq|
uσ`1
du “
ż 8
x
muβ´σ´1 “ m
xβ´σ
σ ´ β
.
So there exist a λpx, σ, tq of modulus less than 1 like
(18)
ˇ
ˇ
ˇ
ˇ
ż 8
x
Mpuq
us`1
du
ˇ
ˇ
ˇ
ˇ
“ m
xβ´σ
σ ´ β
λpx, σ, tq.
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7‚ Let x ą 1, σ ą 1 et t ě 0 three real. From Abel’s summation formula, we
have, by setting s “ σ ` it,
(19)
ˇ
ˇ
ˇ
ˇ
s
ż 8
x
Mpuq
us`1
du
ˇ
ˇ
ˇ
ˇ
“
ˇ
ˇ
ˇ
ˇ
ˇ
1
ζpsq
´
ÿ
nďx
µpnq
ns
`
Mpxq
xs
ˇ
ˇ
ˇ
ˇ
ˇ
ď
ζpσq
ζp2σq
`mxβ´σ ď
ζpσq
ζp2σq
`m
because for the partial sum, as |µpnq| ď 1, we have the upper-bound
(20)
ˇ
ˇ
ˇ
ˇ
ˇ
ÿ
nąx
µpnq
ns
ˇ
ˇ
ˇ
ˇ
ˇ
ď
ζpσq
ζp2σq
in the region σ ą 1; finally xβ´σ, which is decreasing, is majorized by 1. So there
is a number K ą 0 such that
(21)
?
σ2 ` t2
ˇ
ˇ
ˇ
ˇ
ż 8
x
Mpuq
uσ`it`1
du
ˇ
ˇ
ˇ
ˇ
ď K.
By multiplying and dividing by
?
σ2 ` t2, which is no zero,
(22)
?
σ2 ` t2
mxβ´σλpx, σ, tq
pσ ´ βq
?
σ2 ` t2
“
?
σ2 ` t2λpx, σ, tq
mxβ´σ
pσ ´ βq
?
σ2 ` t2
ď
kmxβ´σ
pσ ´ βq
?
σ2 ` t2
where k “ Op1q is a majorant of
?
σ2 ` t2λpx, σ, tq @t. We obtains
(23)
ˇ
ˇ
ˇ
ˇ
ż 8
x
Mpuq
us`1
du
ˇ
ˇ
ˇ
ˇ
ď
kmxβ´σ
pσ ´ βq
?
σ2 ` t2
.
8‚ Abel’s summation formula gives, for all x ě 1, the equality
(24)
ÿ
něx
µpnq
nσ`it
`
Mpxq
xσ`it
“ pσ ` itq
ż 8
x
Mpuq
uσ`it`1
du.
We apply the proposition 2 and the hypothesis 5. We deduce that for every
ε Ps0, 1r, whatever t P Tεpxq, we have
(25)
ˇ
ˇ
ˇ
ˇ
ż 8
x
Mpuq
uσ`it`1
du
ˇ
ˇ
ˇ
ˇ
ą
p1´ εq
?
σ2 ` t2
ÿ
něx
|µpnq|
nσ
´ |Rpx, tq|,
with |Rpx, tq| “
|Mpxq|
xσ
?
σ2 ` t2
ď
mxβ´σ
?
σ2 ` t2
.
9‚ As Gegenbauer proved (see [5] or [10] §18.6)
(26) Npuq “
ÿ
nďu
|µpnq| “
6
π2
u`Op
?
uq,
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we conclude from the Abel’s summation formula
(27)
ÿ
něx
|µpnq|
nσ
“ σ
ż 8
x
Npuq
uσ`1
du´
Npuq
xσ
“
6x1´σ
π2pσ ´ 1q
`O
`
x1{2´σ
˘
.
10‚ Let’s summarize. For all x ě 1 and all t P R,
(28)
ˇ
ˇ
ˇ
ˇ
ż 8
x
Mpuq
uσ`it`1
du
ˇ
ˇ
ˇ
ˇ
ď
kmxβ´σ
pσ ´ βq
?
σ2 ` t2
.
But, after carrying (27) in (25), for the same x, whatever ε Ps0, 1r, whatever
t P Tεpxq, we have
(29)
ˇ
ˇ
ˇ
ˇ
ż 8
x
Mpuq
uσ`it`1
du
ˇ
ˇ
ˇ
ˇ
ą
p1´ εq
?
σ2 ` t2
„
6x1´σ
π2pσ ´ 1q
`O
`
x1{2´σ
˘

´
mxβ´σ
?
σ2 ` t2
.
We will show that it is impossible. Recall that, whatever x ě 1, the set Tεpxq is
never empty. So we always take t P Tεpxq from now on. We thus have the limits
defined by (28) and (29), valid for all x ě 1:
kmxβ´σ
pσ ´ βq
?
σ2 ` t2
ě
ˇ
ˇ
ˇ
ˇ
ż 8
x
Mpuq
uσ`it`1
du
ˇ
ˇ
ˇ
ˇ
ą
p1´ εq
?
σ2 ` t2
„
6x1´σ
π2pσ ´ 1q
`O
`
x1{2´σ
˘

´
mxβ´σ
?
σ2 ` t2
.
Consider only the right hand sides of (28) and (29). The ratio of the right hand
side of (29) on the right hand side of (28) is therefore smaller than 1, for all x ě 1.
After simplification, this ratio is
(30) p1´ εq
6pσ ´ βq
kmπ2pσ ´ 1q
x1´β `O
`
x1{2´β
˘
´
σ
k
`
β
k
.
and we see that, when x goes to infinity, if β ă 1, this quantity tends to infinity
and therefore exceeds 1 at a given moment, which is impossible. Then the hy-
pothesis 5 is false. So β can not be chosen as β˚ ă β ă 1, and, as β˚ ď 1, this
implies β˚ “ 1.
Theorem 6.
β˚ “ supt<eρ | ζpρq “ 0u “ inftβ | Mpuq “ Opuβqu “ 1.
The Riemann’s hypothesis is false. More precisely
• Mpxq “ Ω˘pxδq pour tout δ ă 1;
• The simple convergence abscissa of the Dirichlet series
ř
ně1
µpnq
ns
coincides
with its abscissa of absolute convergence;
• The ζ function has an infinite sequence of zeros tρnu in the critical band as
(31) lim
nÑ8
<epρnq “ 1;
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• The generalized Mertens’ hypothesis Mpuq “ Op
?
uq and weakened Mertens’
hypothesis
(32)
ż x
1
M2puq
u2
du “ Oplnpxqq
are false.
Proof. We have previously shown that β˚ “ 1, but the Riemann Hypothesis
implies Mpxq “ Opx1{2`εq ( [20], theorem 14.25(C), page 370), whatever ε ą 0.
So it implies β˚ “ 1{2. It is therefore false as well as the generalized Mertens
conjecture that Mpxq “ Op
?
xq.
The first point results from β˚ “ 1 by application of the standard corollary of
the Phragmen-Landau theorem ([2], page 33-04).
The second point results from β˚ “ 1 by the formulas which give the abscissae
of simple and absolute convergence of a series of Dirichlet ([9], theorems 7 and 8
page 8).
For the third point, if there was a vertical line <epsq “ σ ă 1 such that 1{ζpsq
had no pole to the right of this line, we could deduce Mpxq “ Opxσq and β˚ ď σ.
Since this does not happen and ζpsq has no zero on <epsq “ 1, the band r1´ δ, 1r
has at least one pole for all δ ą 0. There are therefore infinitely many poles in
the immediate neighborhood of the line <epsq “ 1.
The hypotheses of Mertens’, generalized Mertens’ and weakened Mertens’ in-
volve the Riemann Hypothesis, so they are false. 
Remark 7. Charles Pisot, after Saffari [18], has conjectured that the set of real
parts of the non-trivial zeros of Riemann’s ζ function is dense in r0, 1s.
Acknowledgment 8. I thank Mr. Jacques Gélinas for ensuring the careful
reading of this memoir throughout its realization..
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matica, 22 (1): 359–364, 1899.
[14] W. B. Jurkat,Eine Bemerkung zur Vermutung von Mertens, Nachrichten der Österr. Math.
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